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ABSTRACT 
The line graph L(0) of G is that graph whose vertex set corresponds to the edge 
set of G such that two vertices of L(U) are adjacent if and only if the corresponding 
edges of Q are adjacent. The square 62 of U has the same vertex set as Q and two 
vertices are adjacent if and only if their distance in B is at most two. The total 
graph T(G) of B is the graph whose vertex set corresponds to the set of vertices 
and edges of B such that two vertices of T(G) are adjacent if and only if the 
corresponding elements of G are adjacent or incident. A l-factor of a graph is a 
spanning l-regular subgraph. For a connected graph B, it is shown that a necessary 
and sufficient condition that L(B) (respectively, Q*; respectively, T(Q)) have a 
l-factor is that L(U) (respectively, Ga; respectively, T(G)) have an even number 
of vertices. 
INTRODUCTION 
The line graph L(Q) of a graph U is that graph whose vertex set can 
be put in one-to-one correspondence with the edge set of G such that 
two vertices of L(B) are adjacent if and only if the corresponding edges 
of G are adjacent. Similar to the line graph is the total graph of a, defined 
as that graph T(G) whose vertex set csn be put in one-to-one corre- 
spondence with the set of vertices and edges of C such thst two vertices 
of T(G) are adjacent if and only if the corresponding elements’of U are 
adjacent or are incident. It will be convenient, when discussing total 
graphs, to consider two other graphs associated with a graph. 
The subditision graph 8(G) of a graph C is that graph obtained from 
B by replacing each edge uv by a new vertex w and two new edges uw 
and WV. The square @ of C has the same vertex set as G, and two vertices 
of @ are adjacent if and only if the distance between these vertices in 
C is one or two. It is a consequence of the definitions that the square 
[S(G)]2 of the subdivision graph of CT is isomorphic to T(G). 
A l-factor in a graph H is a spanning l-regular subgraph of H. It is 
immediate that a necessary condition for a connected graph H to contain 
a l-factor is that H have even order (i.e., an even number of vertices). 
This condition is essily seen not to be sufficient ; for example, the complete 
bipartite graph R( 1, n- l), where n is even, does not even contain two 
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non-adjacent edges, much less n/2 such edges which would be required 
of a l-factor. 
The object of this paper is to give a necessary and sufficient condition 
for each of the graphs L(G), Gz, and T(G), for a graph 0, to possess a 
l-factor. It is perhaps somewhat unexpected that the same condition 
succeeds for all three graphs; namely, it will be shown, for a connected 
graph G, that L(G) (respectively Gz; respectively T(G)) has a l-factor if 
and only if L(G) (respectively G2; respectively T(G)) has even order. 
Definitions of basic graph theory terms not given here may be found 
in [l]. 
THE EXISTENCE OF ~-FACTORS IN LINE GRAPHS 
Let G be a connected graph containing an even number of edges. If G 
contains no odd vertices, implying that G is eulerian and thus contains 
an eulerian circuit, or if G contains exactly two odd vertices, implying 
that G contains an eulerian trail connecting the two odd vertices, then 
L(G) contains a l-factor. In order to see this, one needs only to note that 
the existence of an eulerian circuit or eulerian trail in G implies that the 
edges of G can be ordered, say el, e2, . . . , e2k, in such a way that consecutive 
edges in the ordering are adjacent. Let VI (i = 1, 2, . . . . 2k) be the vertex 
of L(G) corresponding to Q in the definition of the line graph of G. Thus, 
consecutive vertices in the sequence ~1, VZ, . . . . ?&k are adjacent. This 
implies that ~1~2, vsv4, . . . , ~2k-l~Zk are edges of L(G) and that L(G) has 
a l-factor. 
We shall now show that L(G) h as a l-factor, independent of the number 
of odd vertices possessed by G. In order to verify this, we present a lemma 
and make use of the result (e.g., see [l, p. 371) which states that a con- 
nected graph with exactly 2n odd vertices (n> 1) is expressible as the 
edge-disjoint union of n trails, each of which begins at an odd vertex 
and terminates at another odd vertex. 
Lemma. If G is a connected graph with 2n odd vertices (n> l), then 
G is the edge-disjoint union of n trails (connecting pairs of odd vertices) 
such that at most one of these trails has odd length. 
Pro of. Suppose G is the edge-disjoint union of open trails TI, Tz, . . . , T, 
such that Ti, i=l, 2, . . . . n, is a ut--vg trail, where ~1,212, . . . . u,,, 212, . . . . vun 
are the 2n odd vertices of G. If at most one Tg has odd length, then, 
of course, there is nothing to prove. Suppose this is not the case, so that 
there are at least two trails Tg having odd length. 
If two trails Tj and Tk of odd length possess a common vertex w, then 
Tj and Tk may be replaced by trails Tf* and Tpr* of even length in a manner 
which we shall now describe. Let Tj’ denote a q-w subtrail of Tf, and 
let T,” denote the corresponding w -vf subtrail of Tf. Similarly, denote 
by !#!‘k’ a Uk - w subtrail of Tk and by TkN the remaining w --2)k subtrail 
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of Tk. The lengths of Tj’ and Tj” are of opposite parity, as are the lengths 
of T,’ and Tk”. 
If TJ’ and Tk’ are of the same parity, then the q - Uk trail Tj* composed 
of TJ’ and Tk’ has even length. In this case, Tjn and TkN have the same 
parity, and the VI--vk trail Tk* composed of Tj” and Tk” also has even 
length. On the other hand, if Tj’ and Tk’ have opposite parity, then Tj’ 
and Tk” are of the same parity, and we may obtain trails Tj* and Tk* 
of even length by combining Tj’ and Tkn and combining Tf” and Tgt, 
respectively. 
We may continue this process until no two trails Tg of odd length 
remain having a vertex in common. Of course, if at most one remaining 
trail Tg has odd length, then the proof is complete. However, we assume 
there are trails Tr and T8 of odd length which have no vertex in common. 
We define the distance d(T,, T8) between Tr and T8 as the minimum 
of the distances between a vertex of Tr and a vertex of T8. From our 
assumption, d(T,, T8) > 1. Let wr and w, be vertices of T, and T,, re- 
spectively, such that d(w,, w8) =d(T,, T8), and let P be a w,- w, path of 
length d(wr, w8). 
Let wrwi be the edge of P incident with w,. In the current decom- 
position of G into n trails, assume w,wi belongs to the trail T. Necessarily, 
T has even length. Suppose T is a U-V trail. Let T’ be a U-W, subtrail 
of T and T” the remaining wr-v subtrail of T containing wrwr. Also, 
let T,.’ be a u,. - w, subtrail of T,, and let T,” be the remaining wr-v, 
subtrail of Tr. Either T,’ and T” or T,” and T” are of opposite parity. 
Assume, without loss of generality, that T,’ and T” are of opposite parity. 
Define T,(l) to be the trail composed of T,’ and T”; the trail T,.(l) has odd 
length and d(T,Jl), T8) <d(T,, Ts). Note that the trail composed of T,” and 
T’ has even length. 
If T,.(l) and Ts have a vertex in common, then, as we have already 
seen, these trails may be replaced by two trails of even length. Otherwise, 
we may repeat the above process with Tr and T8 replaced by T,(l) and T,, 
obtaining trails Tr(2) and T8 of odd length such that d(T,.@), T8) < d(T,.(l), T8). 
This process may be continued until trails Tr* and T8 of odd length are 
obtained which have a common vertex. No other trail of odd length is 
altered. The trails Tr* and T8 may then be replaced by two trails of even 
length. 
We may now repeat this argument as many times as there are pairs 
of trails having odd length, arriving at a collection of n trails, at most 
one of which has odd length. 
The desired result can now be presented. 
Theorem 1. Let G be a connected graph. A necessary and sufficient 
condition that L(G) contains a l-factor is that L(G) have even order. 
Proof. That L(G) has even order is obviously a necessary condition 
for L(G) to have a l-factor. For the sufficiency, assume L(G) has even 
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order so that G has an even number of edges. As we have already noted, 
if G has no or two odd vertices, then L(G) has a l-factor. Thus, we may 
assume G has exactly 2n odd vertices, n > 1. By the lemma, G is expressible 
as the union of n edge-disjoint trails Si, SZ, . . . . &, each of which has 
even length. 
Hence, it is possible to order the edges of ISI, say, as xi, x2, . . ., xst in 
such a way that consecutive edges in the sequence are adjacent. Let 
the edge xi, i= 1, 2, . . . . 2t, correspond to the vertex wg in L(G) under 
the definition of” the line -graph. Hence, every two consecutive vertices 
in the sequence wi, ws, . . . . wat are adjacent. Thus, the edges wiws, wawd, . . . . 
. . ., wZt-iwZt produce a l-factor Pi of L(Si). In a completely analogous 
manner, we can obtain a l-factor F,, i = 2, 3, . . ., n, for L(Sg). Then Uy= I Fi 
is a l-factor of L(G). 
Corollary. The line graph L(G) of a graph G has a l-factor if and 
only if every component of &(G) has even order. 
THE EXISTENCE OF ~-FACTORS IN SQUARES AND TOTAL GRAPHS 
We establish a necessary and sufficient condition for the square G2 of 
a graph G to possess a l-factor. From this, a necessary and sufficient 
condition for the total graph T(G) to contain a l-factor is presented. 
Theorem 2. A necessary and sufficient condition that the square Gs 
of a connected graph G contain a l-factor is that G have even order. 
Proof. Again, the necessity is immediate; therefore, we consider the 
sufficiency. If T is a spanning tree of a connected graph G of even order 
and T2 contains a l-factor, then Gs contains a l-factor. Hence it is sufficient 
to prove that the square of every tree of even order contains a l-factor. 
We proceed by induction on the (even) orders of the trees under con- 
sideration. If To is the tree of order two, then, of course, To (and T$) 
contains a l-factor. Assume for all trees S of even order less than p 
(where p>4 is even) that S2 contains a l-factor, and let T be a tree 
of order p. 
Every tree with three or more vertices has the property that it contains 
a cut-vertex v such that every vertex adjacent with v, with at most one 
exception, has degree one. Let v be such a cut-vertex in T. Suppose there 
exist two vertices, say vr and us, having degree one such that each is 
adjacent with v. Then TI = T -vi - 212 is a tree of order p - 2. By the 
induction hypothesis, T12 has a l-factor which together with the subgraph 
induced by {VI, us} in T2 produces a l-factor in T2. 
Assume that there exists only one vertex, namely vi, having degree 
one which is adjacent with v. This implies that v has degree two in T 
and that T2 = T -v- vi is a tree of order p- 2. Hence T22 has a l-factor 
which together with the subgraph induced by v and vr in T2 yields a 
l-factor in T2. 
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This completes the proof. 
Corollary. The square @ of a graph B has a l-factor if and only if 
every component of Q (or of Us) has even order. 
Using the fact that the total graph T(B) of a graph C is isomorphic 
to [S(G)]2, we arrive at another corollary. 
Corollary. The total graph T(Q) of a graph cl has a l-factor if and 
only if every component of T(Q) haa even order. 
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